INTRODUCTION TO THE MINIMAL MODEL 
PROGRAM AND THE EXISTENCE OF FLIPS 



ALESSIO CORTI, ANNE-SOPHIE KALOGHIROS, AND VLADIMIR LAZIC 

Abstract. The first aim of this note is to give a concise, but com- 
plete and self-contained, presentation of the fundamental theorems 
of Mori theory — the nonvanishing, base point free, rationality and 
cone theorems — using modern methods of multiplier ideals, Nadel 
vanishing, and the subadjunction theorem of Kawamata. The sec- 
ond aim is to write up a complete, detailed proof of existence of 
flips in dimension n assuming the minimal model program with 
scaling in dimension n — 1. 
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1. Introduction 

Our first aim in this note is to give a concise, but complete and self- 
contained, presentation of the fundamental theorems of Mori theory — 
the nonvanishing, base point free, rationality and cone theorems — using 
modern methods of multiplier ideals, Nadel vanishing, and the subad- 
junction theorem of Kawamata. We also give the basic definitions of 
log terminal and log canonical singularities of pairs, and spell out the 
minimal model program. We hope that the text can be used as a fast 
introduction to the field for those who wish quickly to master the foun- 
dations and equip themselves to do research. The approach here is 
not, at heart, different from the traditional one, but it is more efficient 
and it allows one to focus attention on the basic issues without being 
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distracted by the technicalities. It also serves as a demonstration of 
the power of multiplier ideals, which play a crucial role in the most 
recent advances in the field, and the subadjunction theorem, which is 
a beautiful and increasingly central result. 

We briefly sketch the key point as it arises in the proof of the base 
point free theorem. Let X be a nonsingular projective variety over C, 
and L a nef divisor on X. Assuming that L — eK is ample for all 
small e > 0, we want to show that all large multiples nL are base point 
free. The first step is to construct an effective Q-divisor D ~ mL (for 
some m) such that the pair (X, D) is not kit. For large n, we write 
nL = K + D + A, where A is ample. If c is largest such that (X, cD) 
is log canonical, then we write 

nL = K + cD + A' 

where A' = A + {1 — c)D is still ample. Now, if cD contains a divi- 
sor S with multiplicity 1, then we may assume by induction on the 
dimension — and working with the pair {S, cD\s) — that all large multi- 
ples nL\s are base point free; standard vanishing theorems then imply 
that H^{X,nL) —> H^{S,nL\s) is surjective, and we get the result. 
In general, the pair [X, cD) has some non-kit centres but they may 
all have higher codimension. The traditional approach is to blow up 
until one of the centres becomes a divisor (in fact, one blows up indis- 
criminately to a log resolution of everything in sight). Instead, in these 
notes, we use multiplier ideals, Nadel Vanishing, and the subadjunction 
theorem of Kawamata, to work directly on X and lift sections from a 
minimal non-kit centre W G X oi the pair (X, cD). 

Our second aim is to write up a complete, detailed proof of exis- 
tence of flips in dimension n assuming the minimal model program 
with scaling in dimension n — 1. Our proof is closer in spirit to some 
of Shokurov's original arguments in |Sho03j than to the treatment of 
[HM05j and, especially, |HM08j . Our aim is to present as robust a 
proof as possible. In short, we proceed as follows. The starting point 
is a pi flipping contraction / : (X, S + B) ^ Z: 

• X is n-dimensional and the pair (X, S + B) has pit singularities; 

• / is a flipping contraction for K + S + B; 

• S' is non-empty and /-negative. 

The aim is to construct the flip of / by showing that the canonical 
algebra 

oo 

R = R{X,K + S + B) = ^H%X,n{K + S + B)) 

n=0 
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is finitely generated. Shokurov's great insiglit was to suggest tliat we 
can do this by showing that the restricted algebra 

Rs = lmage{R ^ k{S)[T]) 

is finitely generated. {R is an algebra of rational functions and we get 
Rs by restricting those rational functions to S.) We develop Shokurov's 
language of b-divisors to make sense of the statement that Rs is a b- 
divisorial algebra. We then show that Rs enjoys two key properties: 

(1) Rs is an adjoint algebra — this notion comes from a further ma- 
jor insight of Hacon and M'^Kernan and the proof of this fact 
uses their important lifting lemma; 

(2) Rs is saturated in the sense of Shokurov. 

Using these two properties, and the minimal model program with scal- 
ing in dimension n — 1, we can then show that Rs is finitely generated. 
Our argument is robust in the sense that the two key properties — 
adjointness and saturation — are treated as separate issues and proved 
independently of each other. 

This note is a cleaned- up version of AG's lectures at the Summer 
School in Grenoble Geometry of complex projective varieties and the 
minimal model program 18 June-06 July 2007. We thank the organ- 
isers of that very successful event for providing an ideal setting and a 
comprehensively positive atmosphere. 

It is our pleasure to acknowledge the influence of Robert Lazarsfcld 
on the point of view endorsed in these notes. It was he who re-iterated 
Kawamata's suggestion that a more transparent proof of the funda- 
mental theorems of Mori theory is possible based on multiplier ideals 
and the subadjunction theorem. We especially thank Alex Kiironya 
for his careful reading of earlier versions of these notes and his useful 
comments. We also thank Ghristopher Hacon and Sandor Kovacs. 

We tried hard to chase down and remove mistakes from the text; 
please accept our apologies for those that must inevitably be still 
around. 

2. Basic definitions and results 

Notation 2.1. All varieties in this paper are proper, irreducible and 
normal over C. We mostly work with projective varieties. We write 
~ for linear equivalence of Weil divisors and = for numerical equiva- 
lence of Gartier divisors. On a variety X, WDiv(X) denotes the group 
of Weil divisors, Div(X) the group of Gartier divisors and Pic(X) = 
Div{X)/ ~. Subscripts denote either the ring in which the coefficients 
of divisors are taken or that the equivalence is relative to a specified 
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morphism. An ample Q-divisor A is general if kA is a general member 
of the linear system \kA\ for some A; ^ 0. 

Definition 2.2. 

1. A log pair (X, A) consists of a variety X and a divisor A G 
WDiv(X)M such that Kx + A is M-Cartier. 

2. A pair (X, A) is log smooth if X is nonsingular and Supp A has 
simple normal crossings. 

3. A model over X is a proper birational morphism /: Y ^ X. 

4. A log resolution of (X, A) is a model f : Y ^ X such that 
(Y, f^^A + Exc /) is log smooth. 

5. A boundary is a divisor A = ^ diDi G WDiv(X)]K such that 
< rfi < 1 for all i. 

Pairs first arose through the study of open varieties (litaka program). 
If U is quasi-projective, and if X is a compactification of U such that 
A = X \ ?7 has simple normal crossings, then the ring 

R{X,A) = ^H%X,niKx + A)) 

neN 

depends only on the open variety U |Iit82[ Chapters 10 and 11]. 

A valuation u: k{X) — > Z is geometric ii u = mult^;, where E (Z Y 
is a prime divisor in a model Y X. Divisors E G Y ^ X and E' C 
Y' ^ X define the same geometric valuation if and only if the induced 
birational map Y --^ Y' is an isomorphism at the generic points of 
E and E'. The centre of a geometric valuation u on X associated to 
a divisor E on a model /: F — X is denoted by cxi^ = f{E). A 
geometric valuation u is exceptional when codimx(cxz^) > 2. We often 
identify a geometric valuation u and the corresponding divisor E. 

Definition 2.3. An integral b-divisor D on X is an element of the 
group 

Div(X) = limWDiv(F), 

where the limit is taken over all models f: Y X with the induced 
homomorphisms /* : WDiv(y) WDiv(X). Thus D is a collection of 
divisors Dy G WDiv(y) compatible with push-forwards. Each Dy is 
the trace of D on F. 

For every model f : Y X the induced map /* : Div(y) Div(X) 
is an isomorphism, so b-divisors on X can be identified with b-divisors 
on any model over X. For every open subset ?7 C X we naturally 
define the restriction D|[/ of a b-divisor D on X. 
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Definition 2.4. The b-divisor of a nonzero rational function (p is 

where E runs through geometric valuations with centre on X. Two 
b-divisors are linearly equivalent if they differ by the b-divisor of a 
nonzero rational function. 

The associated b-divisorial sheaf Ox (D) is defined by 

r{u, OxiB)) = {^e k{X) : (divx ^ + D)|^ > 0}. 

Definition 2.5. The proper transform b-divisor D of an M-divisor D 
has trace Dy = f^^D on every model /: Y ^ X. 

The Cartier closure of an R-Cartier divisor D on X is the b-divisor 
D with trace Dy = f*D on every model /: Y ^ X. 

A b-divisor D descends to a model Y ^ X liY) — Dy; we then say 
that D is a Cartier b-divisor. 

A b-divisor D on X is good on a model y — > X if D > Dy; in 
particular the sheaf 0(D) is coherent. 

A b-divisor M on X is mobile if it descends to a model Y ^ X 
where My is basepoint free. 

Note that if a mobile b-divisor M descends to a model W ^ X, then 
Mw is free and ii'°(A:, M) = ii'0(W^, M^). 

Lemma 2.6. Let ISi be a good b-divisor on X . There is a mobile b- 
divisor M such that My = Mob Ny for every model f : Y ^ X and 
H%X,N) = H^{Y,Ny). 

Proof. Since Ny = f*'Nx + E for some effective and exceptional divisor 
E, we have /, Mob Ny = /, Mob f*Nx = Mob N^. □ 

Ccirtier restriction. Let D be a Cartier b-divisor on X and let 5* be 
a normal prime divisor in X such that S ^ SuppDx- Let f:Y^X 
be a log resolution of {X, S) such that D descends to Y. Define the 
restriction of D to 5" as 



This is a b-divisor on S via {f^^)* that does not depend on the choice 
of log resolution. By definition, D|5 is a Cartier b-divisor that satisfies 
(Di + D2)|5 - Di|5 + D2|5, and B^s > ^2\s if > ^2 

Definition 2.7. 

1. The canonical b-divisor Kx on X has trace (Kx)y = Ky on 
every model Y ^ X. 
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2. The discrepancy A(X, A) of the pair (X, A) is 

A{X,A)=Kx-Kx + A. 

3. For a geometric valuation E on X, the discrepancy of E with 
respect to (X, A) is 

a{E, X, A) = mult^; A(X, A). 

Definition 2.8. Let {X, A) be a pair and let D be an M-Cartier divisor 
on X. The multiplier ideal sheaf associated to {X, A) and D is 

JiiX,A);D) = Ox{\A{X,A + D)]). 

Remark 2.9. We obviously have J{{X,A);D) = J{{X,A + D);0). 
When no confusion is likely we write J^{A) = J'{{X, A); 0). 

Theorem 2.10 (Local vanishing). Let f : Y X be a log resolution 
of a pair {X, A) . Then 

i?7*C?y(rA(X,A)yl) =0 

for all i > 0. 

Proof. If X is projective, consider an ample divisor A such that for 
m ^ 0, the divisors mA — A are ample, the sheaves E} f^Oy^Ky — 
[/*AJ) eg) Ox{iTiA) are globally generated (when non-zero ), and 

W{X,RJ,Oy{Ky - [f*A\) ® Ox{mA)) = (0) 

for all j > and i > 0. The Leray spectral sequence and Kawamata- 
Viehweg vanishing yield 

H\X,Rf,Oy{Ky - [f*A\) ® Ox{mA)) 

= H\Y, Oy{Ky - L/*AJ + r{mA))) = (0). 

In particular, the sheaves B} f^Oy{Ky — [/*AJ) ® Ox{fnA) are zero 
because they are globally generated, and thus 

R'f,Oy{\A{X,A)y]) = R'f.Oy{Ky - [/* AJ ) ® Ox{-Kx) = 

for i > 0. 

For the non projective case, see |Laz04t Theorem 9.4.1]. □ 

Theorem 2.11 (Nadel vanishing). Let L be a C artier divisor on X 
such that L — {Kx + A) is nef and big. Then 

W{X,Ox{L)®J{A)) = {Q) 

for all i > 0. 
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Proof. Let / : F — > X be a log resolution of {X, A). The Local vanish- 
ing theorem states that 

R'f.OYi\A{X,A)Y]+rL)=0 

for i > 0; the Leray spectral sequence and Kawamata-Viehweg vanish- 
ing imply 

H\X,Ox{L)(SjJ{A))) = H\Y, [A(X, A)yl + /* L) = (0) 

for i > 0. □ 

The following result is a characterisation of big divisors. 

Definition- Lemma 2.12 (Kodaira's Lemma). Let D be a Cartier 
divisor on a projective variety X of dimension n. The divisor D is big 
if one of the following equivalent conditions holds: 

1. There exists C > such that kD) > Ck'' for /c> 1. 

2. For any ample divisor A on X, there exists m e N and an 
effective divisor E on X such that mD A-\- E. 

If D is nef, D is big if and only if one of the following conditions holds: 

1. > 0. 

2. There is an effective divisor E and ample Q-divisors such 
that D = Ak + {l/k)E for A; > L 

We recall some definitions of singularities of pairs. 

Definition 2.13. 

1. A log pair (X, A) is Kawamata log terminal (kit) if |"A(A, A)] > 
0, or equivalently if J'(A) = Ox- 

2. A log pair (A, A) is purely log terminal (pit) if a(ii^, A, A) > — 1 
for every exceptional geometric valuation on A; in particu- 
lar [A] is reduced and it can be proved that the connected 
components of [A] are normal. 

3. A log pair (A, A) is log canonical (Ic) if a(£^, A, A) > —1 for 
every geometric valuation on A. 

4. A log pair (A, A) is divisorially log terminal (dlt) if there is a 
log resolution Y ^ X such that [A(A, A)y Ay] > 0. 

Definition- Lemma 2.14. Let (A, A) be a Ic pair. 

1. The non-kit locus of (A, A) is 

nklt(A,A) =Supp {Ox/J{A)). 

2. A non-kit centre is the centre of a geometric valuation such 
that W C nklt(A, A); therefore J(A) C Iw 
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3. A non-kit centre W is isolated if for any geometric valuation 
E on X such that a{E,X,A) = -1, cxE = W. A non-kit 
centre W is exceptional if it is isolated and if there is a unique 
geometric valuation E on X with a{E, X, A) = —1. 

4. If W is an isolated non-kit centre, i7(A) = Xw- 

Proof. Let W be an isolated non-kit centre and let / : y ^ X be a log 
resolution. Then [A(X, A)y] = —E + A, where E and A are effective, 
each component of E maps onto W and A is /-exceptional. Thus 
= Ox and since R^f^Oyi-E + A) = by Local vanishing, 
applying to the sequence 

-> Oyi-E + A)^ OriA) ^ Oe{Aie) ^ 

yields 

^ J{A) ^Ox^ hOE{A\E) 0. 
Therefore f*OE{A\E) is a quotient of Ox which is an Oiy-sheaf since 
f{E) = W, so hOE{A\E) = Ow and ^(A) = Xw □ 

Remark 2.15. Let / : F — s> X be a log resolution of (X, A) and for 1 < 

i < m, let Ei gY he the geometric valuations on X with a{Ei, X, A) = 
— 1. The non-kit centres of (X, A) are precisely the images /(fljgAri^j) 
for N C {1, . . . , m}. In particular, for any x G nklt(X, A), there is a 
well defined minimal non-kit centre through x. 

Lemma 2.16 (Tie breaking, |Koin7[ Proposition 8.7.1]). Lei (X, A) he 

a kit pair and D a Q-Cartier divisor on X such that (X, A -\- D) is Ic. 
Let W be a minimal non-kit centre of {X, A + D) and let A be an ample 
divisor. Then there are arbitrarily small e,ri > and a divisor D' ~q A 
such thatW is an exceptional non-kit centre of {X, A + {l—e)D + T]D') . 

Proof. We show how to make the non-kit centre W isolated. Let 
/: y — > X be a log resolution of the pair (X, A -\- D). We write 

KY = f*{Kx + A + D) + J2^^^^ r/^ = 5^6.^„ 

so that 

Ky = f*{Kx + A + {l- e)D) + ^(a, + 

Since (X, A + D) is Ic and (X, A) is kit, > —1, ai + hi > —1 and 
hence + ebi > —1 for all e > 0. 

Let Z be a Cartier divisor such that W is the only non-kit centre 
contained in Supp Z and let Dq be a general member of the linear 
system \pA — Z\ for a large p. Consider a Q-divisor D' = ^{Z -\-Do) ~q 
A; in particular W is the only non-kit centre contained in Supp D'. 
Write f*D' = J^^iEi, where we may assume that / is a log resolution 
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of (X, A + D + D'). By construction, if aj = — 1 then (ij > precisely 
when f{Ei) = W. 

The pair (X, A + {1 — e)D + f]D') is Ic if and only if 

Qi + ebi — rjdi > — 1 

for all i. If ttj > —1, this holds for all sufficiently small e,r] > 0. If 
Oj = —1 and f{Ei) ^ W, then + ebi — vdi > —1 for all e > 0. Fix e 
and define 

1] = mm{ebi/di : aj = —l,di > 0}. 

By construction, the pair {X, A + (1 — e)D + rjD') is log canonical and 
W is an isolated non-kit centre. 

The non-kit centre W can further be made exceptional as in |Kol07 
Proposition 8.7.1]. □ 

Theorem 2.17 (Kawamata's Subadjunction, }Kol07l Theorem 8.6.1]). 
Let (X, A) be an la pair. Assume that W is an exceptional la centre of 
(X, A) and let A be an ample M.-divisor. Then W is normal and for 
every e > 0, 

{Kx + A + eA)iw ~M Kw + Aw 
for some divisor Aw on W such that the pair {W, Aw) is kit. 

Remark 2.18. The choice of the divisor Aw in its linear equivalence 
class is not canonical. 

Theorem 2.19. Let (X, S + B) be a pit pair, where S is irreducible. 
Then 

{Kx + S + B)\s ~K Ks + Bs 
for some divisor Bs on S such that the pair {S, Bs) is kit. 

Remark 2.20. Our notation is not the same as the one used in |KM98j . 
where Bs is called the different and denoted DiS{B). 

Definition 2.21. Let (X, A) be a pair and let a; be a point in X. The 
log canonical threshold of (X, A) at x is 

lct(A; x) = sup{c G M : (X, cA) is Ic in the neighbourhood of x}. 
3. NoN- Vanishing, Basepoint Free and Rationality 

THEOREMS 

We present the Minimal Model Program (MMP) in a relative setting, 
that is, given a birational projective morphism / : X — >■ Z we consider 
the MMP over Z. The motivation for this is clear when, for example, 
X has a fibration structure over Z. 
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Theorem 3.1 (Cone Theorem). Let {X, A) be a dlt pair over Z . Then 
there are {Kx + A)-negative rational curves Ci <Z X such that 

NE{X/Z) = NE{X/Z)K,+^yo + Yl 

where the {Kx + A) -negative extremal rays Ri are spanned by the 
classes of Ci and are locally discrete in NE{X/Z)kx+a<o- 

Theorem 3.2 (Contraction Theorem). Let (X, A) be a dlt pair over 
Z . Let R C NE{X/Z) be a [Kx + A) -negative extremal ray. There is 
a morphism if.X^X' that is characterised by: 

1. ^,Ox = Ox', 

2. an effective curve is contracted by ip if and only if its class 
belongs to R. 

The morphism is the contraction of R. 

Remark 3.3. These two theorems hold for Ic pairs |Amb03] . 

Theorem 3.4 (Basepoint Free Theorem). Let (X, A) be a kit pair and 
let L be a nef Cartier divisor on X . Assume that there exists p > 
such that pL — {Kx + A) is nef and big. Then the linear system \nL\ 
is basepoint free for all n ^ 0. 

Remark 3.5. The Zariski counterexample jZar62] shows that the Base- 
point Free theorem does not hold for dlt pairs when pL — {Kx + A) is 
assumed to be nef and big. It does hold however when pL — {Kx + A) 
is ample. 

Corollary 3.6. Let (p: X ^ Y be the contraction of an extremal ray 
R. The sequence 

— > Pic(y) ^ Pic(X) — > Z 

is exact, where the last map in the sequence is multiplication by a fixed 
curve C whose class belongs to R. If L ■ C = 0, then \nL\ is basepoint 
free. 

Definition-Lemma 3.7. Let (X, A) be a Q-factorial dlt pair, and let 
(f: X Y he the contraction of a {Kx + A)-negative extremal ray R. 

1. If dimF < dimX, then (p is a Mori fibration; 

2. If dimF = dimX and Exc{(p) is an irreducible divisor, then (p 
is a divisorial contraction; 

3. If dimF = dimX and codim^ Excip > 2, i.e. (/? is a small map, 
then (f is a flipping contraction. 
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Proof. The only thing there is to prove is that in the second case, if 
E C Exc{(p) is a prime divisor, then E = Exc{ip). Let C be any curve 
that is contracted by /. As the class of C belongs to i?, • C < by 
Lemma [331 and C c ^. □ 

Remark 3.8. If ip: X —>■ Y is a small extremal contraction, Y is not 
Q-factorial. In higher dimensions, a surgery operation in codimension 
2 is necessary to proceed with the MMP. This operation is the flip of 
ip; it is defined in Section HI 

Lemma 3.9 (Negativity Lemma, |KM98| Lemma 3.38]). Let f : Y ^ 

X be a birational morphism and let E = '^aiEi he an f -exceptional 
divisor on Y . Assume that 

E=fH + D, 

where H is f-nef and D is an effective divisor that has no common 
components with E. Then all < 0. If x ^ X is a point such that D 
or H is not numerically trivial on f^^{x), and if Ei is a divisor such 
that f{Ei) = X, then ai < 0. 

The following result is the first step in proving Theorem 13.41 

Theorem 3.10 (Non- Vanishing Theorem). Let (X, A) he a kit pair 
and let L he a nef Cartier divisor on X. Assume that there exists 
p > such that pL — {Kx + A) is nef and hig. Then the linear system 
\nL\ is non-empty for all n ^ 0. 

Proof. The proof is by induction on d = dimX. 

We may assume that pL — {Kx + A) is ample and that A is a Q- 
divisor. Indeed, Definition- Lemma 12.121 shows that there is an effective 
divisor E such that for all < e <^ 1, pL — {Kx + A) — eE is ample, 
and (X, A + eE) is kit since (X, A) is. 

If L is numerically trivial, by Kawamata-Viehweg vanishing 

h\X,nL) = x{Ox{nL)) = x{Ox) = h\Ox) ^ 

and the linear series \nL\ is non-empty for all n > 0. 

Assume that L is not numerically trivial. First, we show that for 
g> 1, 

~ i^x + A + A, 

where A is an ample divisor and the pair (X, A + A) is not kit. Let C 
be a curve such that L ■ C 7^ 0. Since pL — {Kx + A) is ample, there is 
a positive integer m such that {m{pL — {Kx + A)))''"^ is represented 
by C plus an effective 1-cycle. Thus L ■ {pL — {Kx + A))'^^^ > 0, and 
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therefore the intersection number 

{qL - {Kx + A))'^ = ((g - p)L + pL - {Kx + A)^ 
> {q-p)L-{pL-{Kx + A)Y-^ 

tends to infinity with q. By Riemann-Roch and Kawamata-Viehweg 
vanishing, for g ^ 0, 

h\X, n{qL - {Kx + A))) = -{qL - {Kx + A))'^ + 0{d - 1). 

If X G X is a nonsingular point, a parameter count shows that there 
is a section Dq^n G \n{qL — {Kx + A))| with mult^ Dq^n ^ {d+ l)n for 
g, n sufficiently large. 

Fix one such pair g, n and denote A = ^Dg^n- By construction, 
(X, A + A) is not kit at x. Let 

c = min{t G M : (X, A + tA) is not kit} < 1 

and consider a minimal non-kit centre W of (X, A+cA). By Lemma [2 .161 
we may assume that W is an exceptional non-kit centre of (X, A + cA) . 
For < e < 1, 

qLr^QKx + A + cA + eA+{l-c- e)A, 

and Theorem 12 . 1 71 shows that 

(1) qL\w Kw + Aw + {I - c - e)A\w 

where {W, Aw) is a kit pair. As qL^w is nef and qL^w ~ {Kw + Ay/) is 
ample, by induction |g-L|i4/| 7^ 0- The non-kit centre W is exceptional, 
therefore by Definition-Lemma EH J{{X,A)]cA) = Iw- By Nadel 
vanishing, 

H\X,Xw{qL)) = {0) 
for i > 0. The long exact sequence in cohomology associated to 
^ Iw{qL) ^ Ox{qL) ^ Ow{qLiw) ^ 

yields a surjection H^{X, qL) H^{W, qL\w), so the linear series \qL\ 
is non-empty. □ 

Remark 3.11. When working with kit pairs, one can apply Kodaira's 
Lemma to replace nef and big divisors with ample ones. However, this 
no longer holds in the context of dlt pairs. 

Proof of Theorem \3.4\ By Theorem 13. 101 the linear system \nL\ is non- 
empty for n 3> 0; we now show that \nL\ is in fact basepoint free 
for n ^ 0. As is explained in Remark 13.111 we may assume that 
pL — {Kx + A) is ample. 
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For a positive integer n, since Bs |n"L| C Bs \n^L\ when u > v, 
the Noetherian condition shows that the sequence Bs \n^L\ stabihses. 
Denote by i?„ its hmit. U Bp = Bg = ^ for two relatively prime 
integers p and q, then Bs |p"°L| = Bs \q^°L\ = 0. Since every n ^ 
can be written as a non-negative linear combination of p'^° and q'"°, 
is basepoint free. 

Assume that there is an integer m such that Bm 7^ 0- By taking a 
multiple of L, we may assume that B^ = Bs \mL\ = Bs |m^L| for all 
e > 1. Let D be a general section of \mL\. 

Define 

c = inf{t G R : (X, A + tD) is not kit} > 0, 

so that the pair (X, A + cD) is strictly Ic. Note that c < 1 because D 
is an integral divisor. 

We choose an appropriate minimal non-kit centre of (X, A + cD) as 
follows. If there is a minimal non-kit centre W of codimension at least 
2, then 1^ C Bs \mL\. If all minimal non-kit centres are of codimension 
1, note that c = 1 and that every component of Z) is a minimal non-kit 
centre. Let be a component of D that intersects Bs \mL\. 

By Lemma \2.16\ we may assume that W is an exceptional non-kit 
centre of the pair (X, A + cD) and therefore J^{X, A + cD) = X\y by 
Definition-Lemma 12.141 

Fix q = rn" > p + m. Since L is nef we have 

qL r^Q Kx + A + D + A, 

where A is an ample Q-Cartier divisor. Then 

qL Kx + A + cD + eA + A^, 

where = (l—c)-D+(l—£)y4 is ample for £ sufficiently small. Theorem 
12. 171 then gives 

qL\w ~Q Kw + Avi/ -|- A/r^y^r. 
As in the proof of Theorem 13.101 the map 

H%X,qL)^H\W,qL\w) 

is surjective, and therefore Bs fl = Bs |gL|vt^|. But by induction 
on the dimension Bs |5'i^|vi/| = and that is a contradiction. 

□ 

Remark 3.12 (Effective basepoint free theorem |Kol9 3]). Under the 
hypotheses of Theorem 13. 4[ one can show that there is a positive integer 
m that depends only on dimX and p such that is basepoint free 
for n > m. 
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The following lemma will be used in the proof of the Rationality 
theorem. 

Lemma 3.13 ( |KM98j ). Let P{x,y) be a non-trivial polynomial of 
degree at most n. Fix a positive integer a and a positive real number 
e. Assume that P vanishes for all sufficiently large x,y such that 
< ay — rx < e for some r G M. Then r is rational and if r = u/v 
with M, t> G N and hcf (m, v) = 1, v < a{n + l)/e. 

Proof. Assume that r is irrational. There are infinitely many pairs 
(p, g) G such that < \aq — rp\ < e/{n + 2) and in particular, 
there is a large integral zero G of P in that range. Since 

all pairs (fcpi, kqi) for < < n + 1 are also zeroes of P, qix — piy 
divides P. Repeating the process for n + 1 distinct integral solutions 
{{pi, qi)}i<i<n+i of P in the range < |ag — rp\ < e/{n + 2) yields a 
contradiction. 

Now write r = u/v with hcf (-u, f ) = 1. Fix G N and let {p, q) G 
be an integral solution of ay — rx = ak/ v. Since a{q-\-lu) —r{p + alv) = 
ak/v for all / G N, ii ak/v < e, ay — rx — ak/v divides P. The degree 
of P is bounded by n, hence there are at most n such values of k and 
a{n + l)/v>e. □ 

Theorem 3.14 (Rationality theorem). Let (X, A) be a kit pair such 
that Kx + A zs not nef and let a > be an integer such that a{Kx + A) 
is Cartier. Let H be a nef and big Cartier divisor and define: 

r = r{H) = max{t eR: H + t{Kx + A) is nef}. 

Then there are positive integers u and v such that r = u/v and 

Q<v < a(dimX + 1). 

Proof. We follow closely the proof given in |KM98] . 

Step 1. We may assume that the divisor H is basepoint free. Indeed, 
Theorem 13.41 shows that for m ^ and for some c,d G N, H' = 
m{cH + da{Kx + A)) is basepoint free. Moreover, r{H) and r(iP) 
satisfy 

r(H') + mda 

r[H) = . 

mc 

If the denominator of r{H') is v', the denominator v of r{H) divides 
mcv'. Since c and m can be chosen arbitrarily large, v divides v' and 
<v <v' < a(dimX + 1). 

Step 2. For (p, g) G N^, define 

L(p,g) = Bs \pH + qa{Kx + ^)\. 
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Observe that for p, q sufficiently large and such that < aq — rp < e, 
the sets L{p, q) stabilise. This follows from the Noetherian condition 
because if (p', q') is such that < ag' — rp' < e and pjq < p' /q\ then 
L(p', q') C L{p, q). Denote by Lq their hmit and set 

I = {{p, q) E Tj^ : < aq — rp < 1 and L{p, q) = Lq}. 

Since \pH + qa{Kx + A)| is not nef, and in particular not basepoint 
free, the set Lq is not empty. 

Step 3. Assume that r = r{H) is not rational. Let /: Y ^ X he a, log 
resolution of (X, A). Consider the divisors: 

= rH, D2 = na{Kx + A)), A = Ky - /* (i^x + A). 

Since [A] is /-exceptional and effective, we have 

H\Y,xD^^yD2+ \A])c^H\Y,xH + ya{Kx + A)). 

Let {x,y) G be such that < ay—rx < 1. Then xDi+yD2 + A — KY 
is nef and big, and by Kawamata-Viehweg, 

P(x, y) = xixD, + yD2 +\A])= h\xDi + yD^ + [A] ) 

is a polynomial of degree at most dimX and is non-trivial by Non- 
Vanishing. By Lemma 13.131 there are arbitrarily large integral points 
(p, q) G such that < ag — rp < 1 and q) 7^ 0. Therefore for 
all (p, q) G /, \pH + qa{Kx + A)| is not empty and hence Lq 7^ X. 

Let S* be a general section of \pH + qa{Kx + A)\. The pair (X, A + S) 
is not kit; define 

c = min{t G M : (X, A + tS) is not kit} < 1. 

Let W a minimal non-kit centre of the pair (X, A+cS). By Lemma r2.16l 
we may assume that W is exceptional. Nadel vanishing shows that the 
map 

H\Y,p'H + q'a{Kx + A)) ^ H\W, {p'H + q'a{Kx + A)),^) 

is surjective, where the pair {p', q') is chosen so that aq' — rp' < aq — rp. 
This is a contradiction as in the proof of Theorem 13. 4[ This proves 
that r is rational. 

Step 4- Let r = u/v, where u,v eN and hcf(M,f) = 1. Assume that 
V > a(dimX + 1). 

Lemma [3.131 with 6 = 1 shows that there are arbitrarily large positive 
integers p, q with < aq — rp < 1 such that P{p, q) 7^ 0. The linear 
system \pH + qa{Kx + A)| is not empty for all (p, q) G /. We proceed 
as in Step 3. □ 



16 alessio corti, anne-sophie kaloghiros, and vladimir lazic 
4. Log terminal and log canonical models 

In this section, we define minimal and canonical models of varieties. 
For pairs, we introduce log canonical and log terminal models. 

Definition 4.1. Let /: (X, A) ^ Z he a projective morphism. 

1. The pair {X, A) is a log terminal (It) model over Z if it has dlt 
singularities and if Kx + A is /-nef. 

2. The pair (X, A) is a log canonical (Ic) model over Z if it has Ic 
singularities and if Kx + A is /-ample. 

Definition 4.2. A log terminal model of a dlt pair /: (X, Ax) Z 
is a commutative diagram 



where if is birational and: 

1. g is projective, 

2. {p~^ has no exceptional divisors, i.e. ip is contracting, 

3. Ay = v?*Ax, 

4. Ky + Ay is g-nef, 

5. a{E, X, Ax) < a{E,Y, Ay) for every yj-exceptional divisor E. 
Remark 4.3. 

(a) This definition corresponds to that of weak canonical models 
in |KM98l Definition 3.50]. Note however that jKM98j only 
assumes that g is proper. 

(b) Log terminal models can be defined without requiring (f to be 
contracting. We add this condition for clarity of the exposition. 

Definition 4.4. A log canonical model is a diagram as in Definition l4.2[ 
satisfying conditions (1 — 3) above and: 

4'. Ky + Ay is (/-ample, 

5'. a{E, X, Ax) < a{E,Y, Ay) for every (/^-exceptional divisor E. 

A weak log canonical model is a diagram as in Definition 14.21 satisfying 
conditions (1 — 4) and (5'). 

Lemma 4.5. Assume conditions {1 — A) of Definition \4 . ^ IfKx + Ax 
is f -negative, then condition (5) automatically holds. 



{X,Ax) 



- {Y, Ay) 




Z 
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Proof. Let W he a. common resolution of (X, Ax) and {Y, Ay). 

W 



(X,Ax)-------(F,A 



Y) 



Write 



= q*{Ky + Ay) + Y, F, Ay)E, 

where E runs through divisors on W . The result follows from the 
Negativity Lemma since g*(K'y + Ay) —p*{Kx + Ax) is (/oj9)-nef and 
non-trivial on y9-exceptional divisors. □ 

Definition 4.6. Let (X, A) be an Ic pair and let /: X — > Z be a 
projective morphism. The canonical ring of (X, A) over Z is 

i?(X, Kx + A) = Q UOx{[n{Kx + A)J ). 

n>0 

Lemma 4.7. Let (X, Ax) he a dlt (respectively kit, Ic) pair over Z. 

1. A log terminal (respectively log canonical) model (F, Ay) of 
(X, Ax) is dlt (respectively kit, Ic). 

2. If (y, Ay) is a log terminal or log canonical model of (X, Ax), 
then R{Y, Ky + Ay) = R{X, Kx + Ax). 

3. If (y, Ay) is a log canonical model of (X, Ax), then 

r ~Proj^i?(X,irx + Ax). 

In particular, there is a unique log canonical model of (X, Ax)- 

4. Any two log terminal models of (X, Ax) are isomorphic in codi- 
mension 1. 

Proof. These are consequences of the Negativity Lemma. The main 
difficulty is to show that discrepancies increase in flips or divisorial 
contractions of dlt pairs |KM98l Corollary 3.44]. □ 

The following definition and lemma resolve the issue raised in Re- 
mark [331 



Definition 4.8. Let ip: (X, Ax) —>■ Z he a fiipping contraction, i.e.: 

1. (f is a small projective morphism, 

2. —{Kx + Ax) is (y9-ample, 

3. piX/Z) = 1. 
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A flip of ifi is a commutative diagram 




Z 



where: 



l"*". (p~^ is small and projective, 

2+. Kx+ + Ax+ is """-ample, with Ax+ = H'^'^) 

3^. p{X+/Z) = 1. 



-1 



o 



Lemma 4.9. Let {X, Ax) be a Q-factorial dlt pair and letip: X X' 
he a divisorial contraction, a Mori fibration or a flip. Then X' is Q- 



Conjecture 4.10 (Existence of flips). Dlt flips exist. 

Remark 4.11. Let ip: (X, A) — Z a flipping contraction. The flip 
of if exists if and only if the canonical algebra of (X, A) is finitely 
generated |KM98l Corollary 6.4]. Therefore the problem of existence 
of flips is local on the base Z, and we often assume that Z is affine. 

Conjecture 4.12 (Termination of flips). There does not exist an infi- 
nite sequence of dlt flips. 

Remark 4.13. A Q-factorial dlt pair (X, A) is a limit of kit pairs. For 
all < 5 < 1 the pair (X, (1 - 5) A) is kit as in the proof of |KM981 
Proposition 2.43]. The existence of flips of kit contractions therefore 
implies that of flips of Q-factorial dlt contractions. 

Definition 4.14. Let (X, A) be a pair. 

1. (X, A) is a minimal model if Kx -|- A is nef. 

2. If (X, A) is not nef and there is a Mori fibration (X, A) y, 
then (X, A) is a Mori fibre space. 

Minimal Model Program (MMP). Let (X, Ax) be a dlt pair over 
Z. If existence and termination of flips hold, there is a sequence of 
birational maps 



factorial. 



Proof. |KM981 Propositions 3.36-3.37]. 



□ 



X = Xi --^ X2 ^ X, 



n 



X' 



over Z, where (X', Ax') is either a minimal model or a Mori fibre space. 
The sequence is obtained as in Flowchart [H 
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(X,A) := 



(X,A) := 
(X+,A+) 



flip of (j) 



{X, A) dlt pair 




NO 



0: X ^ Z 
contraction of 
extremal ray 



YES 



(X, A) minimal 
model 





END 



YES 


(j>: X ^ Z 




Mori fibre 




space 




X 



END 



Figure 1 . Flowchart of the Minimal Model Program 

Remark 4.15. The MMP can be run for non Q-factorial log canonical 
pairs {X, Ax), where Ax is an M-divisor. The MMP for non Q-factorial 
kit pairs is discussed in |Fuj07| . 

Proposition 4.16. Let /: (X, Ax) ^ Z be a flipping contraction, 
where (X, Ax) is a Q-factorial dlt pair. Assume that g: (F, Ay) Z 
is a log terminal model of f . Then: 

1. (y, Ay) is also a log canonical model of f . 

2. (F, Ay) IS the flip off. 

Proof. The morphism g is small because (p~^ has no exceptional divi- 
sors. We prove that Ky + Ay is g-a.mp\e. 

Let A be a g-ample divisor on Y and denote Ax = f^^A. Since X 
is Q-factorial and / is flipping, Ax is Q-Cartier and 

\{Kx + Ax) + Ax ~Q f*M, 
where M is a O-Cartier divisor on Z and A G O. Therefore 



X{Ky + Ay) + A ~q g*M, 
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and A is non-zero because A is (/-ample. The divisor Ky + Ay is g-nef 
if and only if it is g-a.mp\e. □ 

MMP with scaling. 

Lemma 4.17 ([Bir07l[ShoOB]). Let (X, A + A) be aQ-factorial dlt pair 
over Z such that Kx + A -(- A is nef. If Kx + A is not nef, there is a 
{Kx + A) -negative extremal ray R and a real number < A < 1 such 
that Kx + A + XA is nef and trivial on R. 

Proof. Define 

A = mf{-{Kx + A) • S/A ■ S} 
as S ranges over curves generating extremal rays of {X, A); it is enough 
to show that A is a minimum. See jBirOTt IShoOG] for a proof. □ 

Definition 4.18. Let (X, A + A) be a Q-factorial dlt pair over Z such 
that Kx + A + A is nef. A {Kx + A) -MMP with scaling of A is a 
sequence: 

(X„AO-"-----(X„A.)-^-%..., 

where for each index i, Ai and Aj are the strict transforms of A and A 
on Xi, and 

Ai = min{t G M : Kx, + A^ + tAi is nef}. 

Each (fi is a divisorial contraction or a flip associated to a [Kx^ + Aj)- 
negative extremal ray Ri C NE(Xj/Z) which is {Kx^ + Aj + AjAj)- 
trivial. 

The proof of the existence of minimal models for varieties of log 
general type given in [BCHMOG] rests on several theorems; we recall 
two of them here. 

Theorem 4.19 (Existence of models, |BCHM06l Theorem C]). Let 

{X, A) be a kit pair projective over Z , where A is big over Z . If there 
is an effective divisor D such that Kx + A ~m^z D, then {X, A) has a 
log terminal model over Z . 

Theorem 4.20 (Finiteness of models, |BCHM06l Theorem E]). Let 
{X, Aq) be a kit pair projective over Z . Fix a general ample Q-divisor A 
over Z and a rational finite dimensional affine subspace V C WDiv(X) 
that contains Aq . Consider the rational polytope 

Ca = {A + B : B eV,B >0 and the pair (X, A + B) is Ic}. 

Then the set of isomorphism classes of weak log canonical models of 
(X, A) over Z , where A G La, is finite. 

Now we are ready to state Special termination with scaling. 
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Theorem 4.21 ( |BCHMd6| Lemma 5.1]). Assume that existence and 
finiteness of models hold in dimension n — 1. Let {X, A + C) be an n- 
dimensional Q-factorial dlt pair such that Kx + A + C is nef. Assume 
that A = A + B , where A is ample, B > and [AJ C Supp i?. Let 

(X, A) = (Xi, Ai) (X2, A2) • ■ ■ 

be a sequence of flips for the {Kx + A)-MMP with scaling of C . Denote 
by Rk the exceptional set of the corresponding flipping contraction of 
ipk- For k sufficiently large, Rk H [A^J = 0. 

Definition 4.22. Let (X, A) be a Q-factorial dlt pair and / : (X, A) ^ 
Z a flipping contraction. We say / is a pre limiting (pi) flipping con- 
traction if there is an /-negative irreducible component S C [AJ . 

Theorem 4.23. Assume that existence and finiteness of models hold 
in dimension n — 1. If flips of pi contractions exist in dimension n, 
then flips of kit contractions exist in dimension n. 



Proof The proof follows the ideas in |Sho92l lK+92[ |Fuj07| . 



Let / : (X, A) ^ Z be a kit flipping contraction. We assume that Z 
is affine. In this proof subscripts denote proper transforms. 

Step 1. Let 71 : W ^ Z he a. resolution of Z and let Fi be generators 
of N^{W/Z). We may assume that no vr(Fj) contains an irreducible 
component of /(A). Write Z' = SingZ U Sing /(A) U /(Exc/). Note 
that codim^ Z' > 2, and let Xz' be the ideal sheaf of Z'. Let i: Z ^ W 
be a compactification of Z with a very ample line bundle C onW such 
that C\z = Oz and T = ij^z' ® C is globally generated. If H is the 
restriction of a general global section of JF to Z, then H is reduced and 
f*H = Hx since / is small. Note that Hx and A have no common 
components. By construction, if p: W Z is any Q-factorial model 
of Z, the group N^{W'/Z) is generated by the components of Hw' and 
by the p-exceptional divisors. 

Let h: F ^ X be a log resolution of the pair (X, A + Hx) such that 
/ o is an isomorphism over Z \ H . Note that all the /i-exceptional 
divisors are components of h*Hx- Denote by Ei the exceptional divisors 
of h and lei E = ^Ei. The pair {Y, Ay + Hy + E) is Q-factorial and 
dlt over Z. Consider a very ample divisor A ojiY which is general in 
\A\ such that Kx + Ay + Hy + E + A is nef. Therefore replacing H 
hj H + {f o h)^A we may assume that Kx + Ay + Hy + is nef. 

Step 2. We now run the {Ky + Ay + £^)-MMP with scaling of Hy 
We construct a sequence 

(Fi, Ay + Ey) -'i^ ■ ■ ■ (F„ Ay + Ey) ■ ■ ■ , 
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where Yi = Y, and each Xi is a divisorial contraction or a pi flip. 
Denote hj hi: Yi Z the induced map. 

If Ky^ + Ay . + Ey^ is not nef , let Ri be an extremal ray as in Lemma 
14.171 Let Di be any curve whose class is in Ri, in particular Hy ■ Di > 
0. Since Di is /ij-exceptional, the definition of H and h*H ■ Di = 
imply Di ■ Ey. < 0. The curve Di therefore intersects a component of 
[Ey. + Ay J = Ey^ negatively. If the contraction associated to Ri is 
small, it is pi flipping. Define Xt'- ""^ ^i+i to be the contraction of 
Ri if it is divisorial, or its fiip if it is small. 

Theorem 14.211 shows that after finitely many steps we obtain a pair 
g: (F, Ay + Ey) — > Z such that Ky + Ay + Ey is ^-nef. 

Step 3. Consider a common resolution 



W 




(X,A) -(r,Ay + i?y) 

We have 

Kw = P*{Kx + A) - p-^A + Ep,, + 

= q*{Ky + Ay + Ey) " ^ A y " Q^^Ey + Ep,, + Eg, 

where the divisors Ep^q and Ep^q are exceptional for p and g, Ep is 
exceptional for p but not for g, and Eq is exceptional for q but not for 
p. Observe that q~^Ey is exceptional for p but not for q. 

The divisor g*(i^'y + Ay + Ey) - p*{Kx + A) is {g o g)-nef, and 
p~^A — q~^Ay is effective and exceptional for q but not for p. The 
Negativity Lemma over Z shows that 

(2) Ep^g<Ep,q and Ep + q;^Ey<0. 

Since {X, A) is kit, we have \Ep] > 0, and as q^^Ey is reduced, this 
implies Ey = 0. In particular, the map g is small and ([2]) implies that 
Ay) is kit. The pair (F, Ay) is a log terminal model of (X, A), 
and by Proposition 14. 161 this is the required flip. □ 

Remark 4.24. The existence of pi flips can be reduced to the case 
where the pair (X, S + B) is pit, where S is irreducible as in |Cor07t 
Remark 2.2.21]. 

5. Restricted algebras and adjoint algebras 

The rest of the paper is devoted to the proof of Conjecture 14.101 
under certain conditions. More precisely, we prove that kit flips exist 
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in dimension n if existence and finiteness of models hold in dimension 
n — 1. As is explained in Remark 14.111 the existence of flips is local 
on the base; for the rest of the paper we consider varieties that are 
projective over affine varieties. 

We work with graded algebras of rational functions R = 0„>o Rn C 
k{X)[T], where Rq is a finitely generated if''(X, (9x)-algebra. 

Definition 5.1. A truncation of R is an algebra of the form i?^^^ = 
©n>o for a positive integer /. 

We often use the following simple but important lemma without 
explicit reference. 

Lemma 5.2. A graded algebra R is finitely generated if and only if its 
truncation R^^^ is finitely generated for any I. 

Proof |Cor07l Lemma 2.3.3]. □ 

Definition 5.3. A sequence of effective M-b-divisors M, is superaddi- 
tive if ISAm+n > + M„ for all m,n > 0. 

A sequence of effective M-b-divisors A, is concave if 

Ajn^ji ^ ■ Am -|~ ' A^ 

n + m n + m 

for all n,m > 0. Convex sequences are defined similarly. 

Observe that if M, is a superadditive sequence of b-divisors, then 
there are homomorphisms 

for all m, > 0. This justifies the following definition. 

Definition 5.4. A b-divisorial algebra on X is the algebra of rational 
functions 

R{X,M.) = 0if°(X,Mm), 

mGN 

where M, is a superadditive sequence of b-divisors on X. 

Lemma 5.5. Let M, be a superadditive sequence of mobile b-divisors 
on X. The b-divisorial algebra R = i?(X, M.) is finitely generated if 
and only if there exists an integer i such that Mj^ = fcMj for all k > 0. 

Proof. Assume that for some i, Mj^ = k'M.i for all A; > 0. Passing to 
a truncation we may assume that i = 1. Let F ^ X be a model such 
that Ml descends to Y. Then R = 0i7°(F,iMiy) and the result 
follows from Zariski's theorem. 
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Conversely, assume that R is finitely generated. Up to truncation, we 
may assume that R is generated by H^{X, Mi). For each j, take a reso- 
lution Yj X such that both Mi and Mj descend to Yj. Since the se- 
quence M, is concave we have H^{Yj, jlSAiy ) C -ff°(Y^-, Mjy), and the 
finite generation gives H^{Yj,MjY,) = H^{Yj,MiY,y C jMiyJ. 
As jMiy^. and Mjy^ are free, H^Iy^JMiy-) = H^iYj,MjY^) implies 
jMiY^ =MjY, and thus jMi = M^. ' ' □ 

Setup 5.6. Consider a pi fiipping contraction 

it: {X,A = S + B) ^ Z, 

where is a prime divisor and [B\ = 0. Recall that —{Kx + A) and 
—S are vr-ample, that X is Q-factorial and p{X/Z) = 1. 

The fiip of / exists if and only if the canonical algebra 

R{X, i^x + A) = H'{X, [n{Kx + A)J ) 

n>0 

is finitely generated. 

Remark 5.7. For a Cartier divisor D and a prime Cartier divisor S, 
let (Js G S) be a section such that divcr^ = S. From the exact 

sequence 

^ H\X, Ox{D - S)) ^ H\X, Ox{D)) ^ H\S, Os{D)) 
we denote lessH^iX, OxiD)) = Im(pD,5). 
Definition 5.8. The restricted algebra of R{X, Kx + A) is 
Rs{X,Kx + A) = ^iessH%X, [n{Kx + A)J). 

n>0 

Lemma 5.9. Under assumptions of Setup \5.6\f R{X, Kx+^) is finitely 
generated if and only if Rs{X, Kx + A) is finitely generated. 

Proof. We will concentrate on sufficiency, since necessity is obvious. 

By |KMM87"l Lemma 3-2-5], numerical and linear equivalence over 
Z coincide. Since p{X/Z) = 1, and both 5* and Kx + A are vr-negative, 
there exists a positive rational number r such that S ~Q,7r r{Kx + A). 
By considering open subvarieties of Z we can assume that S—r{Kx+'^) 
is Q-linearly equivalent to a pullback of a principal divisor. 

Let (/? be a rational function with a zero of order one along S and set 
D = S — div (f; in particular S (f_ SuppD. Therefore 



D r^Qr{Kx + A), 
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and the rings R{X, D) and R{X, Kx + A) share a common truncation. 
As G H^{X, D), it is enough to show that ip generates the kernel 

/s: = 0ker {H^{X,nD) H^{S,nD\s)). 

n>0 

If ifn e H^{X,nD)nK, then divipn+nD-S > 0. Writing = ifip'^ 
for some (p'^ G k{X), we have 

div ip'^ + {n — 1)D = div ip^ — div ip + {n — 1)D > 0, 

and therefore G i/°(X, (n- 1)D). □ 

Definition 5.10. Let X be a variety that is projective over an affine 
variety Z. Let be an effective concave sequence of Q-b-divisors on 
X such that each Kx + A^x is Q-Cartier, and assume that there is a 
positive integer / such that m/Am is integral for every m. 
An adjoint algebra is a b-divisorial algebra 

/2(X,N.) = 0iJ°(X,N^) 

where = mJ(Kx + A^), such that: 

• Nm is good on X for every m > 0, that is > N^x, 

• lim Am = sup Am = A exists as a real b-divisor on X. 

Remark 5.11. Any truncation of an adjoint algebra is an adjoint 
algebra. 

Lifting Lemma 5.12 (Hacon-M'^Kernan). Let {Y,T + B) be a log 
smooth pit pair that is projective over an affine variety Z , where T is 
irreducible and B is a Q- divisor with \_B\ = 0. Assume that 

(1) B ~Q A + C , where A is ample, C > and T ^ Supp C , 

(2) there are a positive integer p and a divisor N G \p{Ky + T + B)\ 
such that N meets properly all the intersections of the compo- 
nents ofT + B. 

Then for every m such that m{KY + T + B) is integral, the map 

H\Y, m{KY + T + B))^ H\T, m{KT + B\t)) 
is surjective. 

Proof. See |HM07j . □ 

Remark 5.13. The assumptions of the Lifting Lemma are birational. 
The first assumption is related to B being big; in our setting it is not 
restrictive. The second assumption, however, is difficult to arrange. 
Example 15.141 shows that the statement cannot be expected to hold 
without both assumptions being satisfied. 
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Example 5.14. Let F be a surface, let T be a nonsingular curve on 
Y and let C F be a (— l)-curve meeting T at exactly one point P. 
Denote B = dE, where < d < 1. Let /: Y X he the contraction 
of E and let S = f{T). Then 

(3) Ky + T + B = f*{Kx + S) + dE, 

and 

H^Y, m{KY + T + B)) — ^ H^{T, m^Kr + dP)) 

H^{X, m{Kx + S)) H^{T, tuKt)) 

In general, r is not surjective. By ([3]), C Bs \m{KY + T + B)\ and 
the assumption (2) of the Lifting Lemma is not satisfied. 

Definition-Lemma 5.15. Let (X, A) be a log pair. There is a b- 
divisor B = B(X, A) on X such that for all models / : F — X, we can 
write uniquely 

Ky + By = r{Kx + ^) + EY, 

where By and Ey are effective with no common components and Ey 
is /-exceptional. We call B the boundary b-divisor of the pair (X, A). 

Proof. Let g: F' ^ X be a model such that there is a proper birational 
morphism h: Y' ^Y. Pushing forward Ky' + By> = g*{Kx + ^)+EY' 
via h^, yields 

Ky + KBy' = r{Kx + A) + KEy', 

and since H^By' and H^^Ey' have no common components, H^By' = 
By. □ 

Lemma 5.16. Let (X, A) be a log canonical pair. There exists a log 
resolution Y X such that the components of {By} are disjoint. 

Proof See |KM98l Proposition 2.36] or |HM05[ Lemma 6.7]. □ 

Corollary 5.17. // (X, A) is a kit pair, there are only finitely many 
valuations E with a{E, Kx + A) < 0. 

Proof. Follows from Lemma [5. 161 and [KM981 Proposition 2.31]. □ 
For any two divisors -P = X] Pi^i ^^^1 Q = 'Y^ QiEi set 
P A Q = ^ min{pi, qi}Ei. 
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Definition 5.18. Let {X, A) be a pair such that I{Kx + A) is Cartier 
and the linear system \I{Kx + A)| is not empty. For a log resolution 
f:Y ^X, let 

mI{KY + By) = MmY + F^Y 

be the decomposition into mobile and fixed parts and set 

BmY = By — By A {FmY /ml). 

Then 

Mob(m/(i^y + B^y)) = MmY = Moh{mIf*{Kx + A)). 

Theorem 5.19. Let {X, A) be a log canonical pair such that I{Kx+^) 
is Cartier and the linear system \I{Kx + A)| is not empty. Fix a log 
resolution f : Y ^ X such that the support of 

Fix \I{Ky + By)| + Exc / + By 

is simple normal crossings. There is an effective sequence B, of b- 
divisors on Y such that B^ < B zs the smallest b-divisor such that for 
all models f : Z ^ Y we have 

H%Z, mI{Kz + Bmz)) = H^Z, mI{Kz + B^)). 

The b-divisor Ky + B^ is good on any log resolution Ym Y where 
MmYm fi"GG, ond the sequence B, is concave after truncation. 

Proof. Step 1. Fix m and set B' = B(y, By). Let g: Z ^Y he a. log 
resolution and denote h = g o f. Let 

Kz + B'z = g*{KY + BY) + E'z, 

and define M^^,F^^ and B'^^ as in Definition 15.181 

Firstly, since Kz + B'^ = h*{Kx + A) + g*EY + E'^, we have B'^ = 
Bz + E where E is effective. Furthermore, 

M;;,^ = Mob(mJ(7*(i^y + By)) 

= Moh{mIh*{Kx + A) + mIg*EY) = M^z, 

so that 

mIE = mI{Kz + B'z) - mI{Kz + Bz) = F^z - Fmz- 

This implies Bmz = B'^z- Now we have 

mI{KY + By) = gMl{Kz + B'^)) = g^M'^z + g.F'^z. 

and since g*M^z = 9*Mmz = M^y, we obtain g^F^^ = FmY- There- 
fore 

gM^z = g.B'^z = 9*B'z - g.{B'z A {F'^z/ml)) 

= By — By A {FmY /"ml) = BmY, 
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and is a well-defined b-divisor. 

Step 2. Fix Ym as in the assumptions of the Theorem, and let be 
another log resolution such that M^z^ is free. We may assume that 
there is a birational morphism '■ such that the support of 

Fix Is-ml^nn + BmY^ ) I + g*mBmY^ + Exc Qm has simple normal crossings. 
Let TmZm = ^{Ym,B^^Yjzrn; then 

and Tmz,n ^ 9mBmYm since Zm and Ym are smooth. Furthermore, 
MohimliKz^ + TmzJ) = Moh{g*JmI (Ky^ + BmyJ)) 

= 9*m^raYm = ^mZm ■> 

and thus Fix \mI{Kz^ + r„^„)| = g*^ Fix \mI{KY^ + 5^y„)| + EmZm- 

Step 3. Let F be a common component of g^BmYm and g^ Fix \mI{KY^ + 
BmY,n)\- We claim that a{F, Ym, BmY^) > 0, so that F is a component 

of EmZ,^ ■ 

To this end, note that the centre of F on Ym is contained in the 
intersection of components of BmYm ^.nd Fix \ mI{KY„ + BmYm)\- We 
can compute the discrepancy of F on any model. By [KM981 Lemma 
2.45], there is a composite >V„ — > of n blow ups of the centres 
of F such that F is a divisor on >V„. Let a: >V„ — * W„_i be the last 
blowup and let p„_i : W„_i Ym be the composite of the first n — 1 
blowups; we can assume c = codimw,^_^ cr{F) > 1. Write 

^W„.i + = p:_i(iry^ + BmYj + 

where Bt,, and B^, are effective divisors without common com- 
ponents. Then by [KM98t Lemmas 2.27, 2.30], 

(5) a(F, Ym, BmYj = a{F, W^-i, B^^_^ - B^^^ J 

>a{F,Wn-i,B^^J, 

and by induction on n, B^^_^ and Fix \p*^_^{ml {Ky^+ BmYm)) \ have no 
common components. But cr(F) C SuppFix |p*_^(mJ(K"y^ + BmY^))\, 
so by the simple normal crossings assumption there can be at most c— 1 
components of -Bvv„_i that contain (j{F). Denote these components by 
Ai, . . . , Ap, where p < c — 1. Then by )KM98l Lemma 2.29] and since 
(VVn-i, -B)!v„_i) canonical, we have 

p 

(6) a{F, W„_i, J = c-l + J2 «(^- >V„_i, J > 0, 
and thus ([5]) and ([6]) prove the claim. 
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As a result, r^z™ and g^Fix\mI{KY^ + BmY,„)\ have no common 
components and thus T^Zm = BraZm- This proves that Ky + is 
good on Ym- 

Step 4- To prove that B, is concave, observe that the sequence of 
effective divisors FmY /^I is convex. For each component Bi of By, set 
/Cj = 1 if mult^. By < mult^- FmY for all m > 1; otherwise, since 
the sequence Fmy/ml has a limit, set fc, to be a positive integer such 
that mults^ By > mults. FmY /^I for all m > ki. Let k = max{/cj}; 
the sequence B^^.y is concave. □ 

Notation 5.20. The sequence N^, = mJ(Ky + B.^), the associated 
sequence of mobile b-divisors (see Lemma [2l6|) and the characteris- 
tic sequence Dm = ^m/m are defined on Y. We denote by R{X, N,), 
R{X, M,) and R{X, D,) the same algebra. 

The following two theorems establish that a truncation of the re- 
stricted algebra is an adjoint algebra. 

Theorem 5.21. Let {X,A) be a pit pair such that I{Kx + A) is 
Cartier, the linear system \I{Kx + A)| is not empty, S = [AJ is irre- 
ducible and is not a component of Fix + A)|. Fix a log resolution 
f : Y ^ X such that the components o/{By} are disjoint and the sup- 
port of 

Fix \I{Ky + By)| + Exc / + By 

is simple normal crossings. Denote T = Sy and B = By — T. 

Then there are b-divisors B^ on T such that + Bj^ is good on 
T , the limit B° = limm^oo exists as a b-divisor and the sequence 
B2 is concave after truncation. More precisely, let Ym ^ Y be any log 
resolution such that Mmv^ is basepoint free and set Rm = Sy^- Then 

^mRm = (Bmy„ - R'm)\R^- 

Remark 5.22. We have the following diagram: 

H\Y, mI{Ky + B^y)) H\T, mI{KT + B^^)) 



H^{X, mI{Kx + A)) res5 H%X, mI{Kx + A)) 

Proof. Step 1. We follow the notation set in the proof of Theorem 15. 191 
Restricting 

Ky^+B'y^=7^l{Ky + By)+E'y^ 
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to Rjn gives 

Since the components of B\t do not intersect, the pair (T, B\t) is termi- 
nal by p<M98i Proposition 2.31], thus (B;.^ - Rm)\R^ = i7im\Rj~^BiT 
and E'y^^j^^ is exceptional. Therefore, the components of B^^^ do not 
intersect and {Rm,B^^^) is terminal. 

Let Qm = Sz^ and recall from Step 3 of the proof of Theorem 15.191 
that TmZm = BjnZm^ so that the restriction of (jl]) to Qm yields 

and thusJ^„|Q„);i5^^^ = 5^^^ and ^mZ„|Q„, is exceptional. Set 

= Bl^, where B^^ = (vr,n|i?^)*i?%„ < S|t. The pair (T, 5^^) is 
terminal, and Kj- + B[^ is good on T. 

Step 2. To prove concavity of B° observe that the normal crossings 
assumption on Ym ensures that 

B^T = B\t-BitA {{■Km\Rj*FmY^\R^lml). 

Fix positive integers i and j, and assume that W = Yi = Yj = Yi+j. 
Denote V = Sw and /x: V ^ T. Then Fiw + Fjw > implies 

and the sequence {'iTm\R^)*F.mY,^\R,^/mI is convex. The sequence -6°^ ^ 
is concave for some k as in Step 4 of the proof of Theorem 15.191 There- 
fore the limit B° exists since B^j^ < B\t- D 

Notation 5.23. On T, we consider the sequences = mJ(KT+B^), 
the associated sequence of mobile b-divisors M[J^ as in Lemma 12.61 and 
the characteristic sequence D^J^ = M^/m. 

Theorem 5.24. Under assumptions of Setup \5.(^ a truncation of the 
restricted algebra Rs{X, Kx + ^) is an adjoint algebra. More precisely, 
there is a log resolution f : Y X such that, if T = Sy, there is a 
natural sequence of b-divisors B^ on T with 

Rs{X, Kx + A)(^) ^ H'{T, nsI{KT + B°,_^)) 
for some positive integers s and I. 

Proof. Every divisor on X is big because vr is birational and by Ko- 
daira's lemma B ~(q A + C, where A is ample and C > 0. Since vr is 
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small, every divisor on X is mobile and we can assume that S is not a 
component of C. For < £ < 1 we have 

B ~Q {l-e)B + eC + eA, 

and (X, (1 — e)B + eC + eA) is kit for e ^ 1. Replacing A by eA and 
C by (1 — £)B + eC we may assume that B = A + C with A ample 
and C effective, and such that S ^ Supp C. Furthermore, if k is an 
integer such that kA is very ample, we may assume kA is a very general 
member of the linear system \kA\ so that A is transverse to all other 
relevant divisors. 

Let f : Y —>■ X he a. resolution as in Theorem 15.211 Observe that 
Rin = R(Y^ N,), and we will show that R^P = R{T, N^). 

Fix a positive integer m. It will be enough to apply the Lifting 
Lemma to conclude that the restriction map H^{Y, N^) H^{T, N^) 
is surjective. 

For condition (1) of the Lifting Lemma, since kA is very general 
in \kA\, f*A = f'^A is free and hence B^y - T > f*A. We can 
choose a small /-exceptional effective divisor E on Y such that A' = 
f*A — E is ample, and B^y — T = A' + C, where the support of 
C = BmY - T - f*A + E does not contain T. 

We prove that condition (2) of the Lifting Lemma is satisfied. We can 
assume that MobN^y is free. Since Fix |Nmy| and B^y have simple 
normal crossings supports and have no common components, Bs |Nmy| 
does not contain any intersection of components of B^y. This finishes 
the proof. □ 

Corollary 5.25. M° = Mi\T for every i. 

Proof. Fix i. Let Y' ^ Y he a. resolution such that, if = Ty/, Mj 
descends to Y' and M° descends to W . Restricting Mjy/ < Njy to W 
and taking mobile parts shows that 'M.iY'\w < and hence 

H\W,m,Y'\w) ^ H\WMm)- 

As 

H\wMw) = Image(ff°(F',M,yO ^ H\WMrY'\w)), 

'^iY'\w = because both divisors are free. □ 

Theorem 5.26. Assume existence and finiteness of models. Let (X, A) 
he a Q-factorial kit pair projective over Z with Kx + A hig, and let 
V C Div(X)]K he a finite- dimensional vector space that contains A. 
Let A, he a concave sequence with limm^oo A^ = A and assume there 
is a positive integer I such that I{Kx + A^) is integral for every m. 
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Then there exist a smooth model f : Y ^ X and a positive integer s 
such that 

lim Moh{msIf*{Kx + A„))/m 

m— >oo 

exists and is a semiample divisor. 

Proof. By Kodaira's Lemma, Kx + A A + C, where A is ample 
and C is effective. If A' = + + A for < £ < 1, the pair (X, A') 
is kit and Kx + A' (1 + e){Kx + A). Therefore replacing A by 
A' we may assume that A is big. 

Let (fi'. X Wi be finitely many weak log canonical models cor- 
responding to the polytope around A. Let f : Y ^ X he a. common 
log resolution of the pair (X, A) and of the pairs {Wi, {{pi)^A) for all i, 
and denote 7Ci: Y ^ Wi the induced maps. For every m ^ there is 
an index im such that Kwi^ + {'^im)*^m is semiample by Theorem 13.41 

Since Wi have rational singularities, by the proof of |Kaw88i Lemma 
1.1], the groups WDiv(iyj)/ Div(PVj) are finitely generated, and hence 
finite because each Wi is Q-factorial. Therefore, for m 3> there are 
positive integers Sj„ such that Si^I{Kwi^ + (v3j„)*Am) are Cartier. By 
Effective Basepoint Freeness, there is a positive integer c such that all 
cSi^I{Kw,^ + {ipi,J*Am) are free; set s = cUsi. 

By the Negativity Lemma, for m ^ we can write 

riKx + A„) = n*jKw^^ + (^.„)*A„) + E^, 

where Em are effective and exceptional. There is an index i such that 
i = ijn for infinitely many m and therefore the divisor 

lim Moh{msir{Kx + A^))/m = lim sl7T*{Kw, + (<^i)*A„) 

m— >oo m— >oo 

= sl7r*{Kw, + {ipi),A) 
is nef and thus semiample by Theorem 13.41 □ 

Definition 5.27. An adjoint algebra R{X, D,) is semiample if D = 

limj^oo Dj exists real mobile b-divisor. 

Theorem 5.28. Let (X, A) ^ Z be a pi flipping contraction as in 
Setup where dimX = n. Assume existence and finiteness of mod- 
els in dimension n — 1. Then there is a positive integer s such that 
Rs{X,Kx + AY^^ is a semiample adjoint algebra. Moreover, we can 
assume that there is a model T to which all descend. 

Proof. Let a log resolution f : Y ^ X and the associated sequence B° 
be as in Theorem 15.211 Let B° = lim B° G Div(T)iR. By Corollary 

j— >oo 

I5.26l there is a model W ^ T and a positive integer s such that M^^^^ 
is free for every m and lim M[^^ w/"^ semiample. We are done. □ 
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6. ShOKUROV'S SATURATION CONDITION 

Definition 6.1. Let (X, A) be a log pair, let A = A{X, A) and let F 
be a b-divisor such that [F] > 0. 

• An integral mobile b-divisor M on X is F -saturated if there is 
a model Y ^ X such that 

MobfMvK + Fw] < Mw 

on all models W ^Y. If {X, A) is kit and F = A then we say 
that M is saturated. 

• An adjoint algebra R = R{X, N,) is (asymptotically) F-satu- 
rated if there is a model F — > A such that on every log smooth 
model {W, F^y) over F, for all i > j > we have 

Mob[jD,^y + Fvv-1 <j'Djw 
If (A, A) is kit and F = A then we say that R is saturated. 

Remark 6.2. Any truncation of a saturated adjoint algebra is satu- 
rated. 

Example 6.3. If M is a divisor on a kit pair (A, A), then M = M is 
saturated. Indeed, for every model / : F — > A we have /*Cy(/*M -|- 
E) — Ox{M) for an effective and /-exceptional divisor E. 

We prove that saturated semiample adjoint algebras on curves re 
finitely generated; this models the proof in higher dimensions. 

Proposition 6.4. Let X — A^. A saturated adjoint algebra on X is 
finitely generated. 

Proof. On a curve b-divisors are just ordinary divisors. Consider an 
adjoint algebra R — R{X,N,). Since on an affine curve all linear 
systems are basepoint free, we have Aj = Mj — iDi and since A — —A, 
the saturation condition reads 

[j A - A] < jD,. 

This is a componentwise condition, so wc can assume that all divisors 
are supported at a point P e A^. Let A = bP with < 6 < 1 and 
Di — diP, so that 

i?(A, A.) = H^Al N,P)). 

i>0 

The sequence di satisfies di > and di+j > j^di + j^dj, so it has a 
limit d — sup di. The saturation condition when i — > oo becomes 

\jd -b] < jdj 
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for all J > 0. Denote q = [1/(1 - b)\. 
Claim 6.5. q\d G N and d = dj if jd G N. 

In particular if d = u/v with u,v & N, then = /?(AJ,,mP) and 
R is finitely generated. 

To prove the claim, first assume that d ^ Q; then there is j G N such 
that {jd} > b and therefore 

jdj < jd < \jd - 6] < jdj, 

a contradiction. Assume now that jd G Z, then 

jdj > \jd -b] = jd > jdj, 

and therefore d = dj. Choose the smallest such j and set / = jd. Then 
/ and j are coprime, so there is k < j such that kl = —1 (mod j). But 
then if j > q, {kd} = {kl/j} = {j — l)/j > b and this is a contradiction 
as above. □ 

Lemma 6.6. Let Y —>■ X be a log resolution of a pair {X, A). Assume 
that N is a real b- divisor on X which descends to Y and such that 
SuppNy is simple normal crossings. Then [N + A] is good on Y . 

Proof. Let f : Y' Y he a model and let G be any simple normal 
crossings divisor on Y. The pair (Y, [G] — G) is kit and in particular 
the divisor 

E=\Ky,-f*{KY+\G]~G)] 
is effective and exceptional. Thus f*\G~\ + E = \Ky'/y + f*G~\. Con- 
sider the divisor G = Ny + Ay and observe that Ay/ = f*Ay + Ky//y] 
this yields: 

/* \Ny + Ay]+E= \f*Ny + Ay,] = \Ny, + Ay,] . 

□ 

Lemma 6.7. Let S be a subvariety of a projective variety X and let 
h: T —>■ S be a projective birational map. Then there is a projective 
birational map f:Y^X from a variety Y and a closed immersion 
j: T Y such that f o j = h. 

Furthermore, assume that h is proper but not necessarily projective. 
Then there exist a projective birational map f : Y X and a subvariety 
T' G Y such that f\T' factors through h. 

Proof. Let i: S ^ X he the closed immersion. By |Har77t Chapter II, 
Theorem 7.17] there is a coherent ideal sheaf on S such that T is the 
blowup of S with respect to JT". Let Y he the blowup of X with respect 
to the ideal sheaf i^^J'. The conclusion follows from |Har77l Chapter 
II, Corollary 7.15] since i-\i^J) -03 = J- 



INTRODUCTION TO THE MMP AND THE EXISTENCE OF FLIPS 35 



The second statement follows from Chow's lemma. □ 

Theorem 6.8. Let (X, A) ^ Z be a pi flipping contraction as in Setup 
\5.6\ where dimX = n. Assume the MMP with scaling for Q-factorial 
kit pairs with big boundary in dimension n — 1. There is a positive 
integer s such that Rs{X, Kx + A)*^*^ is saturated. 

Proof. Let s and T be a positive integer and a model as in Theorem 
I5.28j we assume that T sits on a model / : F — X by Lemma [6171 Up to 
truncation we may assume that s = 1 and it is enough to show that the 
saturation condition holds on T. Set A* = 5" + A and A° = A(S', Bs). 

Fix integers i > j > 0. Let ip: Y' ^ Y he a, log resolution such 
that Mi and descend to Y' and M° and M° descend to W = 

Tyi ■ Furthermore, by Lemma 16.61 and Lemma 12.61 we can assume that 
MobfjDjy/ + Ay,] is free. Let g = f o ip and observe that [Ay,] 
is effective and gf-exceptional. Denoting M = I{Kx + S + B), since 
T>iY' = (l/i) Moh g*{iM) we have 

Mob[jD,y, + a;,,] < Moh\ {j/i)g*{iM) + A*y,] 
= Mohg*{jM)=jT>jy,, 

and therefore 

since T)'^w = DiY'\w the proof of Corollary 15.251 

By adjunction Ay,|^ = A^^. Taking global sections in the sequence 

^ OY'{\j-DiY' + Ay]) 

we obtain that the restriction map 

H'{Y', \jB,Y' + A^]) ^ H'{W, rjD°^ + A%]) 

is surjective since H^{Y', [j'Djy/ + Ay]) = (0) by Kawamata-Viehweg 
vanishing. Then {Moh\jBiy + A^,])\w = Mob[jD°,^ + A^] as in the 
proof of Corollary 15.251 and therefore 

Mob[jD°^ + A°^] <jD°^. 
Finally by Lemma 16.61 and Lemma 12. 6[ 

Mob [jDO^ + A" ] = {g\w)* Mob [jDO^ + A"^] 
< {g\w)*J^w = J^'t- 
This concludes the proof. □ 
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7. Existence of flips 

Approximation Lemma 7.1. Let Y be a nonsingular variety and let 
Pi, . . . ,Pi be free integral divisors on Y. Let D e ^M+P^ and assume 
that D is not a Q-divisor. Let be a reduced divisor containing 

SuppPfe for every k. Then for every < e ^ 1 there exists a free 
integral divisor M and a positive integer j such that: 

(1) \\jD — M||oo < £, where the sup-norm is taken with respect to 
the basis {Gi} of the vector space 0MGi C Div(F), 

(2) jD — M is not effective. 

Proof Set Lz = ® ZP^ ~ and Lr = 0RPfc ~ R\ and assume that 
D is represented in that basis by d — {di, ... ,di) E R'_,_, where not all 
di are rational. 

Let vr: L]K ^ L^/Lz be the projection map and let A = N7r(d) C 
Lr/Lz- The closure A is a. positive dimensional Lie subgroup; denote 
by Ao the positive dimensional real sub-torus that is the connected 
component of 0. Then T = 7i~^{Ao) C Lr is a positive dimensional 
vector space and T is not a subset of the cone LRpl^M+Gj. Therefore 
for every e > there is a positive integer j and an element m = 
(mi, . . . ,mi) e Z' such that ||jd— m||oo < s and jd— m ^ LRfl^R+Gj. 
If £ <^ 1, then m e and thus '^rUiPi is free. □ 

Finally we can prove: 

Theorem 7.2. Let R = R{Y,N,) be an adjoint algebra. If R is satu- 
rated and semiample then it is finitely generated. 

Proof. Firstly wc prove that D = lim Dj is a Q-b-divisor. Assume oth- 

erwise. Passing to a resolution we may assume that Dy is semiample. 
Letting i — > oo in the saturation condition, we have 

Mob^jDy + Ay] <J-DjY 

for all j > 0. Let Pi, . . . , P; be free integral divisors on Y such that 
Dy e ^M+Pjfc, and let G = J^Gj be a reduced divisor containing 
Supp Pfc for every k. Fix £ > small enough so that [Ay — eG] > 0. 
By the Approximation Lemma there is a free integral divisor M and 
a positive integer j such that ||jDy — M||oo < £ and jDy — M is not 
effective. Then jDy - M > -sG and 

[jDy + Ay] = [M + Ay + (jDy - M)] > M + [Ay - sG'] > M, 

SO that 

jDy > j'DjY > Mob[jDy + Ay] > M. 
This is a contradiction. 



INTRODUCTION TO THE MMP AND THE EXISTENCE OF FLIPS 37 



Let now j be a positive integer such that jDy is an integral free 
divisor. Then 

jB,Y < jDy < Mob(jDy + [Ay]) < jBjy, 

and thus Dy = D^y and D = D^. □ 

Corollary 7.3. Assume existence and finiteness of models in dimen- 
sion n — 1. Then kit flips exist in dimension n. 

Proof. By Theorem 14.231 and Remark I4.24[ it is enough to prove that 
the flip of a pi flipping contraction {X, A) ^ Z exists, where S = 
[AJ is irreducible. Since the problem is local on the base we assume 
that Z is affine, and therefore it is enough to prove that the canonical 
algebra R{X, Kx + A) is finitely generated. By Theorems 15.241 15.281 
and 16.81 a truncation of the restricted algebra Rs{X,Kx + A) is a 
saturated semiample adjoint algebra, and thus is finitely generated by 
Theorem 17. 2[ □ 
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